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Abstract

Let E be an elliptic curve defined over Q, then we can define a constant CE,j for
positive integer j, which controls the density of rational primes p, such that the group
of Fp-rational points on E has full j-torsion ie. a subgroup of the form (Z/jZ)2. In
this paper, we give a condition on when CE,j = 0, given by Q(E [j]) = Q(E [2j]) plus
a small condition on the intersection of Q(E [j]) with a certain root of unity. This
is proved using a re-framing of the definition of CE,j using Galois representations to
provide some new insight and results. We also provide a fix to a longstanding proof
in [CoMu] as well as derive a formula for CE,j depending just on the size of division
fields that divide the adelic level.

1 Introduction to elliptic curves

An elliptic curve E defined over Q, is a curve of the form

E : y2 = x3 + ax+ b

where a, b ∈ Z are such that the discriminant ∆E is non-zero, together with an extra
point at infinity, which we denote O, given in projective coordinates as [0 : 1 : 0]. For
a field K, we denote the set of K-rational points on E together with O by E(K).
Astoundingly, we can define a finitely-generated abelian group structure on E(K),

simply by specifying the geometric condition that the sum of three points on the curve
is O if and only if those three points lie on a straight line. In particular, if E is defined
over Q, then we can talk about the group E(Q), where Q is the algebraic closure of Q.

Division fields of Elliptic Curves

Let E be an elliptic curve. For an arbitrary integer k, we denote the group of k-torsion
points by E [k] := {P ∈ E(Q) : kP = O}. If we adjoin to Q the x and y coordinates
of the k-torsion points, then we obtain a finite Galois extension of Q. We denote this
extension by Q(E [k]) and call it the k-division field of E .
Below are some useful lemmas regarding division fields which we will use repeatedly

later on.

Lemma 1.1. For a, b ∈ N, Q(E [a]) ⊆ Q(E [ab]).
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Lemma 1.2. For a, b ∈ N, Q(E [a])(E [b]) = Q(E [lcm(a, b)]).

Lemma 1.3. ∀n ∈ N, Q(ζn) ⊆ Q(E [n]).

Proof. See [Wash, Theorem 3.9].

Elliptic curves defined over Finite Fields Fp

Following [Co2], we can now define the reduction of an elliptic curve E modulo p for
p > 3,

Ep : y2 ≡ x3 + ax+ b (mod p).

There is an integer associated with every elliptic curve E called the conductor of E and
denoted N . One of the most useful properties of the conductor is that Ep is smooth if
and only if p ∤ N and we call primes p, satisfying this property, primes of good reduction
for E . Then, for p a prime of good reduction, Ep is an elliptic curve defined over Fp.
The classical theory of elliptic curves provides us with lots of information about

Ep(Fp) for p prime. For k a positive integer, we define the group of Fp-torsion points
denoted Ep(Fp)[k] := {P ∈ Ep(Fp) : kP = O} and then we have that:

• if p|k, Ep(Fp)[k] ∼= O or Z/kZ,
• else, Ep(Fp)[k] ∼= Z/kZ× Z/kZ.

Then Ep(Fp) can be viewed as a subgroup of Ep(Fp)[k] for some k such that #Ep(Fp)|k
meaning that we can write

Ep(Fp) ∼= Z/dpZ× Z/epZ

where dp and ep are uniquely determined positive integers with dp|ep.

Complex Multiplication

From now on, let E be a fixed elliptic curve over Q. There are some natural maps we
can define over E(Q), which turn out to be group homomorphisms, called isogenies
of E over Q. Denote the ring of isogenies of E over Q by EndQ(E). There are two
possibilities for elliptic curves defined over Q; for an elliptic curve E , if:

• EndQ(E) ∼= Z, we say E is without Complex Multiplication, often stated just as E is
non-CM,

• EndQ(E) is isomorphic to an order in a quadratic imaginary number field, we
say E is with Complex Multiplication, stated as E has CM.

Serre's Open Image Theorem

We naturally have an injective representation called the Galois representation associated
to E [k], given by

ρk : Gal(Q(E [k])/Q) → Aut(E [k]) ∼= GL2(Z/kZ).

In 1972, J.P. Serre showed that for any non-CM elliptic curve E , there exists a
positive integer A(E), depending on the elliptic curve E , such that ρk is surjective for
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any integer k coprime to A(E) [Ser, Théorème 2]. Therefore, for such an E and k,
we have [Q(E [k])/Q] = #GL2(Z/kZ).
Using the theory of Galois representations, we can get a more tangible constant

associated to each elliptic curve E , which we call the adelic level of E , often just called
the level of E , and denote it by mE where mE ∈ 〈2A(E)〉 := {k ∈ N : p|k ⇒
p|2A(E), p prime}. Two useful properties of mE are that, 2 always divides mE and
if k is coprime to mE then ρk is surjective. The precise definition of the level mE is
given in Section 4.

Notation

We summarise some of the key notation used throughout this paper:
• For p prime and integer a, pap ||a implies that ap is the largest power of p that
divides a. That is, if pap ||a, then ap = max{n ∈ Z≥0 : pn|a}.

• We denote the Möbius function by µ(n) which returns 0 if n is square-free oth-
erwise it returns (−1)k where k is the number of prime factors of n.

• For a positive integer b with prime factors pi|b for 1 ≤ i ≤ n, define rad(b) :=∏n
i=1 pi.

• The degree of the k-th division field over Q is given by Lk := [Q(E [k]) : Q].
• Using angle bracket notation, we let 〈c〉 := {k ∈ N : p|k ⇒ p|c, p prime}.
• We denote the commutator of the group G by [G,G] := {xyx−1y−1 : x, y ∈ G}.
• For a positive integer k, we denote the general linear group over the k-th cyclic
group by GL2(Z/kZ) = {M ∈Mat2×2(Z/kZ) : det(M) ∈ (Z/kZ)×}.

• The cardinality of the group GL2(Z/kZ) is given by

ψ(n) := #GL2(Z/kZ) = k4
∏
q|k

q prime

(
1− 1

q

)(
1− 1

q2

)

2 The constant CE
Definition 2.1. We define CE as

CE =
∞∑
k=1

µ(k)

Lk

Theorem 2.2 (Co2, Theorem 1). Let E be a non-CM elliptic curve defined over Q with
conductor N . Under the assumption of the generalised Riemann hypothesis (GRH) for the
Dedekind zeta functions of the division fields Q(E [k]) of E

#{p ≤ x : p ∤ N, Ep(Fp) cyclic} ∼ CE Li(x)

Proposition 2.3 (Kim, Prop. 3.1). For E a non-CM curve, let k = hj with h ∈ 〈mE〉
and (j,mE) = 1. Also for p prime, let php ||h and pmp ||mE . Then Lk = LhLj = Lhψ(j).
Furthermore, setting h1 = (h,mE), we have

Lh = Lh1
∏
p|h

p4(hp−mp)
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Corollary 2.4 (Kim, Cor. 3.1). For E a non-CM curve, we have

CE =

 ∑
k|rad(mE )

µ(k)

Lk

 ∏
p ∤mE
p prime

(
1− 1

ψ(p)

)

Proof. We only have to worry about the square-free terms in the sequence, and if
k = hj where h|rad(mE) and (j,mE) = 1, then Lk = Lhψ(j). We then use that ψ(x)
is multiplicative.

Lemma 2.5. For a, b, j ∈ N, if (a,mE) = 1, then Q(E [aj]) ∩Q(E [bj]) = Q(E [j])

Proof. Since Q(E [k]) is Galois over Q for all k, then we have

[Q(E [aj]) ∩Q(E [bj]) : Q] =
LajLbj
Labj

=
LaLjLbj
LaLbj

= Lj

by Lemma 2.3. Then since Q(E [j]) ⊆ Q(E [aj])∩Q(E [bj]) by Lemma 1.1, the result
follows.

Lemma 2.6 (CoMu, Lemma 6.1). Let F = (Mq)q∈P , F ′ = (M′
q)q∈P ′ be two families

of finite Galois extensions of a number fieldM, indexed over sets of rational primes P ′ ⊆ P .
For any square-free integer k composed of primes from P or P ′, define

• Mk :=
∏

q|k
q∈P

Mq andM′
k :=

∏
q|k
q∈P ′

M′
q

• Nk := [Mk : M] and N ′k := [M′
k : M] where N1 = N ′1 = 1

• δ(F) :=
∑

k
q|k⇒q∈P

µ(k)
Nk

and δ(F ′) :=
∑

k
q|k⇒q∈P ′

µ(k)
N ′

k
.

In addition, we assume that,
• F covers F ′, ie. ∀q′ ∈ P ′, ∃q ∈ P : L′q′ ⊆ Lq and ∀q ∈ P , ∃q′ ∈ P ′ : L′q′ ⊆ Lq
•
∑

k sq.free
q|k⇒q∈P

1
Nk

<∞ and
∑

k sq.free
q|k⇒q∈P ′

1
N ′

k
<∞

Then δ(F) ≥ δ(F ′).

The corollary [CoMu, Corollary 6.2] given after [CoMu, Lemma 6.1] is not quite
true. We actually need a slightly stronger condition than just the fields in F ′ being
mutually independent3, which we give below.

Corollary 2.7. If the fieldsM′
k are mutually independent overM for all k square-free where

p|k ⇒ p ∈ P ′ for all p prime, then

δ(F) ≥
∏
q∈P ′

(
1− 1

N ′q

)

Luckily, it is still possible to resurrect the resulting proof in [CoMu, Chapter 6] by
considering an additional case.

Theorem 2.8. Let E be a non-CM curve. Then Q(E [2]) 6= Q ⇒ CE > 0.
3 Recall F ′ contains just the fieldsM′

q for primes q ∈ P ′, whereas in Corollary 2.7 we need mutual
independence ofM′

k where k can be a product of primes from P ′.
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Proof. Let P be the rational primes and let Mq = Q(E [q]) for q ∈ P. We then note
thatMk = Q(E [k]) for all square-free integers k by Lemma 1.2. We now define K2

as the unique abelian sub-extension contained in Q(E [2]) where by assumption, K2 is
not trivial. We now define

M′
q :=


Mq if q ∤ mE ,

Q(ζq) if q | mE , q 6= 2, Q(ζq) ∩K2 = Q,
K2 if q = 2 or q | mE , q 6= 2, Q(ζq) ∩K2 6= Q.

where P ′ is defined by removing all except one of the primes with the fieldK2 from P ′.
2|mE for all elliptic curves E so we can always take P ′ = {q prime : Q(ζq) ∩K2 = Q}.
We also note that using a combination of Lemma 1.3, the properties of cyclotomic
fields and Lemma 2.5 where we set j = 1, all the fields in the first two cases given above
are mutually independent overQ. Finally, define two integers: R, as the product of all
primes in the second case given above ie. primes p|mE where p 6= 2 and Q(ζp)∩K2 =
Q and S, as the minimal integer dividing R such that K2 ⊆ Q(ζS). If there is no
such integer S, then the families F and F ′ as defined above fulfil the conditions of
Corollary 2.7 and in this case, sinceM′

q 6= Q ∀q ∈ P ′, we have

CE = δ(F) ≥
∏
q∈P ′

(
1− 1

N ′q

)
> 0.

In the other case where there exists a minimal integer S such that K2 ⊆ Q(ζS), let
φ(x) be Euler’s totient function and let d = [K2 : Q], where we note d 6= 1. Then for
k|R, we have, N ′k = φ(k), N ′2k = dφ(k) for S ∤ k and N ′2k = φ(k) for S|k. Thus∑
k|R

µ(k)

(
1

N ′k
− 1

N ′2k

)
=

∑
k|R

µ(k)

(
1

φ(k)
− 1

dφ(k)

)
+
∑
k|R

S

µ(Sk)

(
1

dφ(Sk)
− 1

φ(Sk)

)

=

(
1− 1

d

) ∏
p|R

p prime

(
1− 1

φ(p)

)
− µ(S)

φ(S)

(
1− 1

d

)∑
k|R

S

µ(k)

φ(k)

=

(
1− 1

d

) ∏
p|R

p prime

(
1− 1

φ(p)

)
− µ(S)

φ(S)

∏
p|R

S
p prime

(
1− 1

φ(p)

)

≥ 1

φ(S)

(
1− 1

d

) ∏
p|R

S
p prime

(
1− 1

φ(p)

) ∏
p|S

p prime

(φ(p)− 1)− 1


> 0

since S ≥ 3. Finally, by Lemma 2.6, and sinceM′
q 6= Q ∀q ∈ P ′,

CE = δ(F) ≥ δ(F ′) =
∑
k

q|k⇒q∈P ′

µ(k)

N ′k
=

∑
k|R

µ(k)

(
1

N ′k
− 1

N ′2k

) ∏
p ∤mE
p prime

(
1− 1

N ′p

)
> 0
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3 The constant CE ,j
Definition 3.1. For j a positive integer, we define CE,j as

CE,j =
∞∑
k=1

µ(k)

Ljk

Theorem 3.2 (Co2, Theorem 2). Let E be a non-CM elliptic curve defined over Q with
conductor N and let j be a postive integer. Under the assumption of the generalised Riemann
hypothesis (GRH) for the Dedekind zeta functions of the division fields Q(E [k]) of E

#{p ≤ x : p ∤ jN, dp = j} ∼ CE,j Li(x)

Proposition 3.3. For E a non-CM curve, let m = jn, where j ∈ 〈mE〉 and (n,mE) = 1.
Then,

CE,m =
1

ψ(n)

 ∑
k|rad(mE )

µ(k)

Ljk

 ∏
p ∤mE
p prime

(
1− ψ(n)

ψ(pn)

)

Proof. For k square-free, assume k = rs, where r|rad(mE) and (s,mE) = 1, then
Lmk = Ljrψ(ns) by Proposition 2.3 since (ns,mE) = 1. We then use that ψ(x) is
multiplicative.

Corollary 3.4. For E a non-CM curve, let m = jn, where j ∈ 〈mE〉 and (n,mE) = 1.
Then,

CE,m = 0 ⇔ CE,j = 0 ⇔
∑

k|rad(mE )

µ(k)

Ljk
= 0

Proof. For a, b ∈ N, b ≥ 2, we have ψ(a) < ψ(ab). Thus ψ(n)
ψ(pn)

< 1 ∀p prime.

Lemma 3.5 (DL, Theorem 1.4). For elliptic curve E , prime p and positive integer n, if
Q(ζpn+1) ⊆ Q(E [pn]), then p = 2.

Theorem 3.6. Let E be a non-CM elliptic curve, let m = jn, where j ∈ 〈mE〉 and
(n,mE) = 1. Then, if Q(E [j]) = Q(E [pj]) for any prime p, then CE,m = 0.

Proof. We know that p|mE as otherwise we would have Ljp = LjLp 6= Lj by Proposi-
tion 2.3, Lemma 1.3 and since 2|mE for all elliptic curves E . Letting pmp ||mE , then∑

k|rad(mE )

µ(k)

Ljk
=

∑
k|rad( mE

pmp )

µ(k)

(
1

Ljk
− 1

Lpjk

)
= 0

if Ljk = Lpjk ∀k|rad( mE
pmp ). By Lemma 1.1, Q(E [kj]) ⊆ Q(E [pkj]). To see the

other inclusion, we let pjp ||j and j = pjps. Then by assumption and by Lemma 1.2,
we have Q(E [pjp+1])(E [s]) = Q(E [pj]) = Q(E [j]) = Q(E [pjp ])(E [s]). This means
Q(E [pjp+1]) ⊆ Q(E [pjp ])(E [s]) ⊆ Q(E [pjp ])(E [ks]). Finally, since p ∤ k, we have
Q(E [pkj]) = Q(E [pjp+1])(E [ks]) ⊆ Q(E [pjp ])(E [ks]) = Q(E [kj]). Thus, we have
Lkj = Lpkj ∀k|rad( mE

pmp ), and the result follows by Corollary 3.4.
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In [CoMu, Chapter 6], a short proof is given that, for a non-CM elliptic curve E if
CE 6= 0 then Q(E [2]) 6= Q which is dependent on GRH. However with Theorem 3.6,
we can remove this constraint.

Corollary 3.7. Let E be a non-CM curve. Then CE = 0 ⇔ Q(E [2]) = Q.

Proof. The ⇒ direction is given by Theorem 2.8. For ⇐, take Theorem 3.6 with
m = 1, and the result follows.

Corollary 3.8. Let E be a non-CM curve. For a positive integer n, if (n,mE) = 1, then
CE,n = 0 ⇔ Q(E [2]) = Q.

Proof. Using Corollary 3.4 together with Corollary 3.7, the result follows.

In Theorem 3.2, we see that we must have CE,m ≥ 0. However we can, in fact, give
an unconditional proof of this using familiar techniques.

Proposition 3.9. Let E be a non-CM curve. Then, for all positive integersm, CE,m ≥ 0.

Proof. By Proposition 3.3, if m = jn where j ∈ 〈mE〉 and (n,mE) = 1 then CE,m ≥
0 ⇔ CE,j ≥ 0 so we only have to consider CE,j. We can now use Corollary 2.7, by
defining two new families of fields F and F ′. Firstly, let P be the set of rational
primes, then, for any positive integer j, let M = Q(E [j]) and let Mq = Q(E [jq]) for
q ∈ P . Similarly to before we note that Mk = Q(E [kj]) for all square-free integers k
by Lemma 1.2. We now define

M′
q :=

{
Mq if q ∤ mE ,
M if q|mE .

where as before, we can remove all q|mE from P ′ except one. 2|mE for all elliptic
curves E so we can always take P ′ = {q prime : q ∤ mE} ∪ {2}. F and F ′ now satisfy
the requirements of Lemma 2.6. Also, sinceMq ∩Mp = M for all primes p, q ∤ mE
by Lemma 2.5, the conditions of Corollary 2.7 are satisfied and thus

CE,j ≥
∏
q∈P ′

(
1− 1

N ′q

)
= 0.

We can now use the level of an elliptic curve E to reduce the amount of work we
need to do to in order to calculate CE,j depending on how nice a given j’s properties
are.

Lemma 3.10. If j ∈ 〈mE〉, then

Lj = L(mE ,j)

(
j

(mE , j)

)4
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Proof. Let f = (mE , j) and for p prime, pjp ||j, pmp ||mE and pfp ||f . Then using Propo-
sition 2.3,

Lj
Lf

=
∏
p|j

jp>mp

p4(jp−mp) =
∏
p|j

p4(jp−fp) =

(
j

f

)4

,

since jp ≤ mp ⇔ jp − fp = 0.

Corollary 3.11. IfmE |j, then
Lj
LmE

=

(
j

mE

)4

Proposition 3.12. For j ∈ 〈mE〉,

CE,j = 0 ⇔
∑

k|rad
(

mE
(mE ,j)

)
µ(k)

Lk(mE ,j)
= 0

Proof. Let j = gh where g is maximal such that
(

mE
(mE ,g)

, g
)
= 1 and let d = (mE , g),

then ∑
k|rad(mE)

µ(k)

Ljk
=

∑
k|rad

(
mE

(mE ,j)

)
∑

l|rad(d)

µ(kl)

Ljkl
.

Now, we use that for k|rad( mE
(mE ,j)

) and l|rad(d), (k, l) = 1 with the multiplicativity of

µ(x) and also that (jkl,mE) = ( j
g
k,mE)(gl,mE) = (hk,mE)(gl,mE) = hkd = k(mE , j)

since ( j
g
k, gl) = 1, hk|mE and l|g. Thus, using Lemma 3.10 replacing j with jkl, we

have

=
∑

k|rad
(

mE
(mE ,j)

)
∑

l|rad(d)

µ(k)

Lk(mE ,j)

µ(l)(
jl

(mE ,j)

)4

=

 ∑
k|rad

(
mE

(mE ,j)

)
µ(k)

Lk(mE ,j)


 ∑
l|rad(d)

µ(l)

l4

(
(mE , j)

j

)4

=

(
(mE , j)

j

)4 ∏
p|d

p prime

(
1− 1

p4

) ∑
k|rad

(
mE

(mE ,j)

)
µ(k)

Lk(mE ,j)

 .

Thus combining with Corollary 3.4, the result follows.

Corollary 3.13. IfmE |j, then CE,j > 0.

Proof. Assuming mE |j, we have (mE , j) = mE meaning that
(

mE
(mE ,j)

, j
)
= (1, g) = 1

so in the notation of Proposition 3.12, j = g and h = 1. But,∑
k|rad

(
mE

(mE ,j)

)
µ(k)

Lk(mE ,j)
=

1

LmE

> 0

so by Proposition 3.12, CE,j > 0.
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Remark 3.14. It is interesting to note that to compute CE,m for any m a positive integer, we
only need to calculate the size of division fields Lk for k|mE .

Proof. With notation as in Proposition 3.3 and Proposition 3.12, we can write

CE,m =
1

ψ(n)

(
(mE , j)

j

)4 ∏
q ∤mE
q prime

(
1− ψ(n)

ψ(qn)

) ∏
p|d

p prime

(
1− 1

p4

) ∑
k|rad

(
mE

(mE ,j)

)
µ(k)

Lk(mE ,j)

 .

In addition, for k|rad
(

mE
(mE ,j)

)
, we have that (hk, d) = 1 and hk|mE by the maximality

of g meaning hkd|mE thus k(mE , j)|mE .

4 Re-framing the problem using Galois representations

Precise definition of the level

As always, let E be a non-CM elliptic curve. To obtain a precise definition for the level
mE , following [FK], we let the absolute Galois group Gal(Q/Q) act on the k-torsion
group E [k] of E , inducing an injective representation ρk : Gal(Q/Q) → Aut(E [k]) ∼=
GL2(Z/kZ).
With Tℓ(E) denoting the `-adic Tate module of E , the action of the absolute Ga-

lois group Gal(Q/Q) on
∏

ℓAut (Tℓ(E)) ∼=
∏

ℓGL2 (Zℓ) induces a representation
ρ : Gal(Q/Q) →

∏
ℓGL2 (Zℓ). By Serre’s open image theorem [Ser, Théorème

3], the image of ρ is open, and, since
∏

ℓGL2 (Zℓ) is compact, the image is of finite
index.
We now let

G := lim
←−

GL2(Z/nZ) ∼=
∏
ℓ

GL2 (Zℓ) = GL2(Ẑ)

be the inverse limit over all n, and let H be the image under ρ in G ie. H :=
ρ(Gal(Q/Q)) ⊆ G. For all integers n ≥ 1, there is thus a natural projection map from
G to GL2(Z/nZ) which we denote modn : G → GL2(Z/nZ). Let Γn := ker(modn).
Then by Serre’s open image theorem [Ser, Théorème 3], since |G : H| <∞, Γn < H
for some n, and we let the level mE be the smallest such n.
To summarise, for any positive integer n, we have the commutative diagram

Gal(Q/Q) G

GL2(Z/nZ)

ρ

ρn
modn

and since H ↪→ G↠ G/Γn ∼= GL2(Z/nZ), Ln = |H/H ∩ Γn|.
We now present an equivalent definition of the level mE .

Lemma 4.1. For any positive integer n, Γn ≤ H ⇔ H = mod−1n (Hmodn)
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Proof. For the ⇒ direction, let g ∈ GL2(Ẑ) such that gmodn = hmodn for some
h ∈ H , then g−1hmodn = Imodn. By assumption, g−1h ∈ H and thus g ∈ H. For
the⇐ direction, since I ∈ H , then Γn = mod−1n (I) ≤ H.

Corollary 4.2. Let E be a non-CM elliptic curve and k a positive integer where k|mE , then

Lk = |H/H ∩ Γk| =
|HmodmE |

|HmodmE ∩ΓkmodmE |
.

Proof. By definition of the level mE and the fact that HmodmE is a finite group, the
result follows.

Lemma 4.3. Let E be a non-CM elliptic curve and j ∈ 〈mE〉. Let pi be the prime factors
of mE

(mE ,j)
where i ∈ {1, ..., r}. Then, denoting H ′ = HmodmE and, for k a positive integer,

Γ′k = ΓkmodmE ∣∣∣∣∣
r⋃
i=1

H ′ ∩ Γ′jpi

∣∣∣∣∣ = |H ′ ∩ Γ′j| −
∑

k|p1...pr

µ(k)|H ′ ∩ Γ′kj|.

Proof. We take as our induction hypothesis, that for distinct primes pi where pi| mE
(mE ,j)

,
i ∈ {1, ..., n}, ∣∣∣∣∣

n⋃
i=1

H ′ ∩ Γ′jpi

∣∣∣∣∣ = |H ′ ∩ Γ′j| −
∑

k|p1...pn

µ(k)|H ′ ∩ Γ′kj|.

Suppose, for the base case that p| mE
(mE ,j)

. Then

|H ′ ∩ Γ′jp| = |H ′ ∩ Γ′j| − |H ′ ∩ Γ′j|+ |H ′ ∩ Γ′jp| = |H ′ ∩ Γ′j| −
∑
k|p

µ(k)|H ′ ∩ Γ′kj|.

Now assume the hypothesis is true for n prime factors and let pn+1| mE
(mE ,j)

where pn+1 6=
pi ∀i ∈ {1, ..., n}. Now,∣∣∣∣∣
n+1⋃
i=1

H ′ ∩ Γ′jpi

∣∣∣∣∣ =
∣∣∣∣∣H ′ ∩ Γ′jpn+1

∪
n⋃
i=1

H ′ ∩ Γ′jpi

∣∣∣∣∣
= |H ′ ∪ Γ′jpn+1

|+

∣∣∣∣∣
n⋃
i=1

H ′ ∩ Γ′jpi

∣∣∣∣∣−
∣∣∣∣∣H ′ ∩ Γ′jpn+1

∩
n⋃
i=1

H ′ ∩ Γ′jpi

∣∣∣∣∣
= |H ′ ∪ Γ′jpn+1

|+ |H ′ ∩ Γ′j| −
∑

k|p1...pn

µ(k)|H ′ ∩ Γ′kj| −

∣∣∣∣∣
n⋃
i=1

H ′ ∩ Γ′jpn+1pi

∣∣∣∣∣
= |H ′ ∪ Γ′jpn+1

|+ |H ′ ∩ Γ′j| −
∑

k|p1...pn

µ(k)|H ′ ∩ Γ′kj|

− |H ′ ∩ Γ′jpn+1
|+

∑
k|p1...pn

µ(k)|H ′ ∩ Γ′kpn+1j
|

= |H ′ ∩ Γ′j| −
∑

k|p1...pn+1

µ(k)|H ′ ∩ Γ′kj|
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Corollary 4.4. Let E be a non-CM elliptic curve andm a positive integer such thatm = jn,
where j ∈ 〈mE〉 and (n,mE) = 1. Then

CE,m = 0 ⇔ H ′ ∩ Γ′j =
⋃

p| mE
(mE ,j)

H ′ ∩ Γ′jp.

Proof. Dividing by |H ′ ∩ Γ′j|, rearranging and using Corollary 4.2, we have that

1−

∣∣∣⋃p| mE
(mE ,j)

H ′ ∩ Γ′jpi

∣∣∣
|H ′ ∩ Γ′j|

=
∑

k|p1...pr

µ(k)
|H ′ ∩ Γ′kj|
|H ′ ∩ Γ′j|

= Lj
∑

k|rad
(

mE
(mE ,j)

)
µ(k)

Lkj

= Lj
∑

k|rad
(

mE
(mE ,j)

)
µ(k)

Lk(mE ,j)

Then, using Proposition 3.12, the result follows from the fact that
r⋃
i=1

H ′ ∩ Γ′jpi ⊆ H ′ ∩ Γ′j.

Definition 4.5. Let Dk denote the determinant modulo k map

Dk : G→ (Z/kZ)×,
g 7→ det gmodk .

Lemma 4.6. For positive integer k where k|mE , we have Dk = ρk ◦∆k ◦ ρ−1mE
for maps

∆k : Gal(Q(E [mE ])/Q) → Gal(Q(ζk)/Q),

Dk : HmodmE → (Z/kZ)×.

Proof. The map ∆k is induced by the inclusion Q(ζk) ⊆ Q(E [mE ]) by Lemma 1.3.
Then, by [Zy, Lemma 1.7], we haveHmodmE ∩SL2(Z/mEZ) = [HmodmE , HmodmE ] ≤
Gal(Q(E [mE ])/Q(ζk))meaning the only element in Gal(Q(ζk)/Q) with determinant 1
is the identity. Thus, if we take two distinct non-trivial elements g, h ∈ Gal(Q(ζk)/Q),
we have det g 6= deth, since otherwise det gh−1 = 1, so gh−1 = I which is a contradic-
tion. Thus the result follows.

Corollary 4.7. For positive integer n, det(ρn(Gal(Q/Q)) = (Z/nZ)×.

Proposition 4.8. For positive integers j and k with kj|mE ,

Q(ζjk) ∩Q(E [j]) = Q(ζjk)
Dkj(H∩Γj).

Proof. Using Lemma 4.6 and the Galois correspondence,

Q(ζjk)
H∩Γj = Q(E [mE ])H∩Γj ∩Q(ζjk) = Q(E [j]) ∩Q(ζjk)

= Q(ζjk)
Dkj(H∩Γj).
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Corollary 4.9. For positive integers j and k with kj|mE ,

Q(E [j]) ∩Q(ζjk) = Q(ζj) ⇔ Dkj(H ∩ Γj) = (Z/kZ)×.

Lemma 4.10 (Goursat’s Lemma). Let G1 and G2 be two groups and let K be a subgroup
ofG1×G2 so that the projection maps p1 : K → G1 and p2 : K → G2 are surjective. LetN1

andN2 be the normal subgroups ofG1 andG2, respectively, for which ker (p2) = N1×{1} and
ker (p1) = {1}×N2. Then the image ofK in (G1 ×G2) / (N1 ×N2) = G1/N1 ×G2/N2

is the graph of an isomorphism G1/N1
∼→ G2/N2.

Theorem 4.11. Let E be a non-CM elliptic curve and j ∈ 〈mE〉. Then for 2m2 || mE
(mE ,j)

and R := rad
(

mE
(mE ,j)2m2

)
j, if Q(E [j]) ∩ Q(ζR) = Q(ζj) and Q(E [2j]) 6= Q(E [j]), then

CE,j > 0.

Proof. Define primes pi, and integers ai for i ∈ {1, .., r} such that mE
(mE ,j)

=
∏r

i=1 p
ai
i .

Also for p prime, let pjp ||j, pmp ||mE , and for k a positive integer, denote H ′ =
HmodmE and Γ

′
k = ΓkmodmE . SinceH

′∩Γ′j ≤ GL2(Z/mEZ) =
∏

p primeGL2(Z/pmpZ),
we can construct a map H ′ ∩ Γ′j →

∏r
i=1GL2(Z/paii Z) where if p|mE but p ∤ mE

(mE ,j)
,

GL2(Z/pmpZ) → I.
If 2 6∈ {pi : 1 ≤ i ≤ r}, then, using Corollary 4.9, we can show that ∃g ∈ H ′ ∩ Γ′j

such that Dpj(g) 6= 1 thus g 6∈ H ′ ∩Γ′pj for all primes p| mE
(mE ,j)

. Thus by Corollary 4.4,
the result follows.
If 2 ∈ {pi : 1 ≤ i ≤ r}, without loss of generality let p1 = 2. We can write

H ′ ∩ Γ′k ≤ GL2(Z/mEZ) = GL2(Z/2a1Z) ×
∏r

i=2GL2(Z/paii Z) where we denote
H im
k = Im(H ′ ∩ Γ′k → GL2(Z/2a1Z)) with the map induced by the inclusion above.

Thus, using Corollary 4.2, Q(E [2j]) 6= Q(E [j]) ⇒ L2j 6= Lj ⇒ L2j2+1 6= L2j2 ⇒
|H ′ ∩Γ′

2j2+1 | 6= |H ′ ∩Γ′
2j2

| ⇒ H im
2j 6= H im

j ⇒ ∃ a group Hab
j where H im

2j ≤ Hab
j ⊴ H im

j

andH im
j /Hab

j is a non-trivial abelian group. We can now define the map π : H ′∩Γ′j →
Hab
j ×

∏r
i=1(Z/p

jpi+1

i Z)×, g 7→ (h,
∏r

i=1 Dp
jpi+1

i

(g)) where h ∈ Hab
j .

We now invoke Goursat’s Lemma, where, in the notation of Lemma 4.10, G1 =
Hab
j , G2 =

∏r
i=1(Z/p

jpi+1

i Z)× = DPj(H ∩ Γj) and K = π(H ′ ∩ Γ′j) ≤ G1 × G2. We
then have projection maps p1 and p2 giving rise the normal subgroups N1 and N2.
By Goursat’s Lemma, we have a surjective homomorphism Ψ : G2 → Hab

j /N1

restricted to elements of K. Let x := (x2, ..., xr) ∈ G2. If xk = 1 for some k, take
yk ∈ D

p
jpk

+1

k

(H ∩ Γj) where yk 6= 1, and gn, hn ∈ D
p
jpn+1
n

(H ∩ Γj) where gnhn = xn

and gn, hn 6= 1 ∀n ∈ {2, ..., r} \ {k : xk = 1}. Now, for n ∈ {2, ..., r} \ {k : xk = 1}
and i ∈ {k : xk = 1}, let y := (..., gn, ..., yi, ...) and z := (..., hn, ..., yi

−1, ...), where
y, z ∈ G2. If Ψ(y) 6= I or Ψ(z) 6= I, π−1((Ψ(y), y)) or π−1((Ψ(z), z)) 6∈ H ′ ∩ Γ′pj for
all primes p| mE

(mE ,j)
and thus by Corollary 4.4, the result follows. Thus, in the other

case, Ψ(x) = Ψ(yz) = Ψ(y)Ψ(z) = I.
The only case that this argument fails for is if j3 = 0 and, letting p2 = 3, x :=

(2, x3, ..., xr) since if k is odd, |(Z/kZ)×| ≤ 2 ⇒ k = 3. However, we can take y :=
(2, ..., gn, ...) and z := (2, ..., hn, ...) from before and multiply by w := (2, ..., fn, ...)
where fn = xngn

−1hn
−1 where we choose gn, hn 6= 1 such that xn 6= gnhn. Then,

assuming Ψ(y) = Ψ(z) = Ψ(w) = I, otherwise the result follows as before, Ψ(x) =
Ψ(yzw) = Ψ(y)Ψ(z)Ψ(w) = I.
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However, since x was arbitrary and Ψ was surjective, Hab
j /N1 = I. Now ∃g ∈ K

such that p1(g) 6= I but p2(g) = I. But, reasoning as before, we can also find an element
k ∈ G2 where k is not the identity in every component and thus π−1(gk) 6∈ H ′ ∩ Γ′pj
for all primes p| mE

(mE ,j)
and thus by Corollary 4.4, the result follows.

Corollary 4.12. Let E be a non-CM elliptic curve andm a positive integer. Then, form =

jn where j ∈ 〈mE〉, (n,mE) = 1 and for 2m2 || mE
(mE ,j)

and R := rad
(

mE
(mE ,j)2m2

)
j, if

Q(E [j]) ∩Q(ζR) = Q(ζj) then CE,m = 0 ⇔ Q(E [j]) = Q(E [2j]).

5 Some mildly interesting elliptic curves

The data about the elliptic curves below was very kindly provided by the LMFDB
and curve EE was given as an example in DL.

• EA : y2 = x3 − 3x+ 4
– The non-CM elliptic curve EA has the properties that L2 = 6 and mE = 4.
Thus by Corollary 3.13 and Corollary 3.4, CEA,m > 0 ∀m ∈ N.

• EB : y2 = x3 + 45x+ 366
– The non-CM elliptic curve EB has the property that Q(EB[2]) = Q(EB[3]).

• EC : y2 = x3 − 7x+ 6
– The non-CM elliptic curve EC has the property that Q(EC[2]) = Q.

• ED : y2 = x3 − 2700x+ 37125
– The non-CM elliptic curve ED has the property that Q(ED[2]) = Q(

√
5),

where Q(ED[2]) ⊆ Q(ED[3]) and Q(ED[2]) ⊆ Q(ED[5]). Thus, by Theorem
3.6, CED,3 = CED,5 = 0.

• EE : y2 = x3 − 27x− 1674
– The non-CM elliptic curve EE has the property that Q(ζ9) ⊆ Q(EE [7]) and
since R = 45 then Q(EE [7])∩Q(ζ7R) 6= Q(ζ7) since Q(ζ63) ⊂ Q(EE [7]) and
Q(ζ63) ⊂ Q(ζ7R) which invalidates the necessary condition for the main
theorem for EE .

Non-theorems

Non-Theorem 5.1. For all non-CM elliptic curves E and integers a < b, Q(E [b]) 6⊆
Q(E [a])

Counterexample: EB

Non-Theorem5.2. For a non-CM elliptic curve E and primes p and q,Q(E [p])∩Q(E [q]) ⊆
Q(ζpq).

Counterexample: ED taking p = 2, q = 3.

Non-Theorem 5.3. Let E be a non-CM curve. Then for positive integers j and k, where k
is odd, Q(ζkj) ∩Q(E [j]) = Q(ζj).

Counterexample: EE taking j = 7, k = 9.
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6 What can we say about CE ,j generally?

Proposition 6.1. Given a positive integer m where 6 ∤ m, there exists a non-CM elliptic
curve E such that CE,m = 0.

Proof. If m is odd then take any elliptic curve E with Q = Q(E [2]), for example, EC.
Then using Lemma 1.2,Q(E [m]) = Q(E [2m]) and thus the result follows by Theorem
3.6. If j is even, by assumption 3 ∤ j, so taking curve EB which has the property that
Q(EB[2]) = Q(EB[3]), again using Lemma 1.2, Q(EB[3j]) = Q(EB[3]) ∪ Q(EB[j]) =
Q(EB[2]) ∪Q(EB[j]) = Q(EB[j]) so the result follows by Theorem 3.6.

Theorem 6.2 (Kronecker-Weber Theorem). Every finite abelian extension of Q is a sub-
field of a cyclotomic field.

Proposition 6.3. For non-CM elliptic curve E , ifGal(Q(E [2])/Q) ∈ {I,Z/3Z}, then there
are infinitely many positive integersm, where CE,m = 0.

Proof. If Gal(Q(E [2])/Q) ∼= I, then Q = Q(E [2]). For any odd integer m, using
Lemma 1.2, we have Q(E [m]) = Q(E [2m]) and thus the result follows by Theorem
3.6.
If Gal(Q(E [2])/Q) ∼= Z/3Z, then by the Kronecker-Weber Theorem, Theorem

6.2, Q(E [2]) ⊆ Q(ζR) for some odd positive integer R. We can require that R be
odd as since L2 is odd, Q(E [2]) ∩ Q(ζ2r) = Q for positive integer r as [Q(ζ2r) : Q] =
φ(2r) = 2r−1. Thus Q(E [2]) ⊆ Q(ζR) ⊆ Q(E [R]) by Lemma 1.3. Now, using Lemma
1.2, we have Q(E [R]) = Q(E [2R]) and thus by Theorem 3.6, CE,R = 0. Now for any
positive integer n where (n,mE) = 1, letm = Rn, then the result follows by Corollary
3.4.

Lemma 6.4. For an odd integer k, Q(
√
k) ⊆ Q(ζk) ⇔ k ≡ 1 (mod 4).

Proof. For integer n, let M be the maximal integer such that n = M2k for integer k.
Then define the square-free part of n, (n)sf := k.
We now only have to proveQ(

√
(k)sf ) ⊆ Q(ζk) ⇔ (k)sf ≡ 1(mod 4), asQ(

√
k) =

Q(
√

(k)sf ) and k ≡ 1 (mod 4) ⇔ (k)sf ≡ 1 (mod 4) since if an integer M is odd,
then M2 ≡ 1 (mod 4). Let pi be the prime factors of (k)sf then, for some i, if
pi ≡ 1 (mod 4), then Q(

√
pi) ⊆ Q(ζpi) and if pi ≡ 3 (mod 4), then Q(

√
−pi) ⊆

Q(ζpi). Thus, letting N = #{1 ≤ i ≤ r : pi ≡ 3 (mod 4)}, Q(
√
(−1)N(k)sf ) ⊆

Q(ζ(k)sf ) ⊆ Q(ζk) and also (k)sf ≡ (−1)N (mod 4). If N is even we have the ⇐
direction. If N is odd, we have Q(

√
(−1)N(k)sf ) = Q(i

√
(k)sf ) ⊆ Q(ζk). Suppose

Q(
√

(k)sf ) ⊆ Q(ζk), then Q(i) = Q(ζ4) ⊆ Q(ζk), however this is a contradiction as
Q(ζ4)∩Q(ζk) = Q since k is odd and thus Q(

√
(k)sf ) 6⊆ Q(ζk) and the we get the⇒

direction.

Proposition 6.5. For a non-CM elliptic curve E , if Gal(Q(E [2])/Q) ∈ {Z/2Z, S3} and
the discriminant ∆E ≡ 1 (mod 4), then there are infinitely many positive integers m, where
CE,m = 0.
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Proof. If Gal(Q(E [2])/Q) ∼= Z/2Z, then Q(E [2]) = Q(
√
∆E) ⊆ Q(ζ∆E ) ⊆ Q(E [∆E ]),

by Lemma 6.4. Since ∆E is odd, using Lemma 1.2, we have Q(E [∆E ]) = Q(E [2∆E ])
and thus by Theorem 3.6, CE,∆E = 0. Now for any positive integer n where (n,mE) =
1, let m = ∆En, then the result follows by Corollary 3.4.
If Gal(Q(E [2])/Q) ∼= S3

∼= 〈r, s〉, where r3 = e = s2 then we can find quotient
group S3/〈r〉 ∼= Z/2Z and corresponding field K over Q. By the Kronecker-Weber
Theorem, Theorem 6.2,K ⊆ Q(ζR) for some odd positive integerR. We can require
that R be odd as since [K : Q] is odd, K ∩ Q(ζ2r) = Q for positive integer r as
[Q(ζ2r) : Q] = φ(2r) = 2r−1. Thus K ⊆ Q(ζR) ⊆ Q(E [R]) by Lemma 1.3. Now,
Q(E [2]) = K(

√
∆E) ⊆ K(ζ∆E ) ⊆ K(E [∆E ]) ⊆ Q(E [R∆E ]), by Lemma 6.4. Since

R∆E is odd, using Lemma 1.2, we have Q(E [R∆E ]) = Q(E [2R∆E ]) and thus by
Theorem 3.6, CE,R∆E = 0. Now for any positive integer n where (n,mE) = 1, let
m = R∆En, then the result follows by Corollary 3.4.

7 Commutator of GL2(Ẑ) and its implications

Proposition 7.1. For k an odd integer, [GL2(Z/kZ),GL2(Z/kZ)] = SL2(Z/kZ).

Proof. For i ∈ {1, ..., r}, we define primes pi and integers ni where k =
∏r

i=1 p
ni
i and

then we can write GL2(Z/kZ) =
∏r

i=1GL2(Z/pni
i Z). Thus, letting G := GL2(Z/pnZ)

for odd prime p and integer n, we only need to show that [G,G] = SL2(Z/pnZ).
We have the [G,G] ⊆ SL2(Z/pnZ) inclusion as for A,B ∈ G, det(ABA−1B−1) = 1.

To show the SL2(Z/pnZ) ⊆ [G,G] inclusion, we will first find some elements of [G,G].
Since 2 ∈ (Z/pnZ)×, for x ∈ Z/pnZ,(

1 x
0 1

)
=

(
2 0
0 1

)(
1 x
0 1

)(
2 0
0 1

)−1(
1 x
0 1

)−1
∈ [G,G], and(

1 0
x 1

)
=

(
1 0
0 2

)(
1 0
x 1

)(
1 0
0 2

)−1(
1 0
x 1

)−1
∈ [G,G].

Also, for y ∈ (Z/pnZ)×,(
y 0
0 y−1

)
=

(
y 0
0 1

)(
0 1
1 0

)(
y 0
0 1

)−1(
0 1
1 0

)−1
∈ [G,G], and finally(

0 1
−1 0

)
=

(
1 2
0 1

)(
−1 0
1 2

)(
1 2
0 1

)−1(−1 0
1 2

)−1
∈ [G,G].

Now, let
(
a b
c d

)
∈ SL2(Z/pnZ). If a ∈ (Z/pnZ)×, then(
a b
c d

)
=

(
1 0

ca−1 1

)(
1 ab
0 1

)(
a 0
0 a−1

)
∈ [G,G].

If a 6∈ (Z/pnZ)×, then b ∈ (Z/pnZ)× otherwise p|ad − bc implying
(
a b
c d

)
6∈

GL2(Z/pnZ) which is a contradiction. Thus, we have(
a b
c d

)
=

(
1 0

db−1 1

)(
1 −ab
0 1

)(
0 1
−1 0

)(
b−1 0
0 b

)
∈ [G,G].
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Definition 7.2. For r a positive integer, define the surjective homomorphism

Ψr : GL2(Z/2rZ) ↠ GL2(Z/2Z),
(
a b
c d

)
7→

(
a (mod 2) b (mod 2)
c (mod 2) d (mod 2)

)
.

Lemma7.3. Ψr([GL2(Z/2rZ),GL2(Z/2rZ)]) = [Ψr(GL2(Z/2rZ)),Ψr(GL2(Z/2rZ))]

Proof. SinceΨr is a homomorphism, for x, y ∈ GL2(Z/2rZ)we haveΨr(xyx
−1y−1) =

Ψr(x)Ψr(y)(Ψr(x))
−1(Ψr(y))

−1.

Proposition 7.4. [GL2(Z/2rZ),GL2(Z/2rZ)] = Ψ−1r

〈(
1 1
1 0

)〉
=

{(
a b
c d

)
∈ SL2(Z/2rZ) : b ≡ c (mod 2)

}
In addition, |SL2(Z/2rZ) : [GL2(Z/2rZ),GL2(Z/2rZ)]| = 2.

Proof. By calculation,

[GL2(Z/2Z),GL2(Z/2Z)] =
〈(

1 1
1 0

)〉
, SL2(Z/2rZ)/

〈(
1 1
1 0

)〉
∼= Z/2Z.

Thus, by Lemma 7.3, the result follows.

Theorem 7.5. The commutator subgroup of GL2(Ẑ) is an index 2 subgroup of SL2(Ẑ) ie.
|SL2(Ẑ) : [GL2(Ẑ) : GL2(Ẑ)]| = 2.

Proof. Combining Propositions 7.1 and 7.4, the result follows.

Corollary 7.6. For every non-CM elliptic curve, H has even index in G.

Proof. H ≤ G implies [H,H] ≤ [G,G]. Then, since |G : H| = |SL2(Ẑ) : [H,H]| by
[Zy, Lemma 1.7], by Theorem 7.5, |G : H| is even.

Corollary 7.7. Every non-CM elliptic curve has even level.

Proof. [G,G]mod2 < SL2(Z/2Z) is a strict inequality.

Corollary 7.8. There are no non-CM elliptic curves with level equal to 1.

Proof. If mE = 1, then Γ1 = G ⊆ H. However this is a contradiction as for every
non-CM curve H has even index in G by Corollary 7.6.

Definition 7.9. For a non-CM elliptic curve E , E is a Serre curve if |G : H| = 2, ie.
ρ(Gal(Q/Q)) has maximal image in GL2(Ẑ).

Lemma 7.10. If an elliptic curve E is a Serre curve and k and j are positive integers with k
odd, then Q(ζkj) ∩Q(E [j]) = Q(ζj).

Proof. If an elliptic curve E is a Serre curve and k is an odd integer, thenGal(Q(E [k])/Q) ∼=
GL2(Z/kZ).

Theorem 7.11 (Jon, Theorem 4). Almost all elliptic curves are Serre curves.
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