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Abstract

In this paper, we generalise a result from Section 2 of Brauch, Kézdy and Snevily’s paper, [BKS14],
where they first present the connection between bipartite graphs and when we can rotate the rows
of a matrix so that it becomes invertible. They present this idea as an algorithm for determining
whether a bipartite graph has a perfect matching by turning the problem into a question about
matrices, which, in turn, can be solved in polynomial time using Edmond’s Matroid Intersection
Algorithm. However, by defining the bipartite graph first, they only consider a small selection of
matrices with entries in C. In the following, we extend these ideas to work for any matrix and over
any field and we give an exact condition on when a matrix can be made invertible by rotating its
rows. We then introduce the notions of cluster, minimal clusters and cluster density derived from
the notion of the deficiency of a bipartite graph and use these to give an exact condition on when

n? elements of a field can form an invertible n x n matrix.

1 Set-up

1.1 Notation

For n € N and F a field, we let [n] :=={1,2,...,n}, Z,, = Z/nZ, S, denote the set of permutations of
[n], F denote the algebraic closure of F and s, denotes the set of the nth roots of unity, generated by a
primitive nth root of unity w.

When working with polynomials, x = (1, ..., ;) and for a € F", then x +a = (z1+aq, ..., Tp + ay).
Additionally, for o € Njj, then |o| = > "7 | oy and 2 := [[}_; ;" . Finally, for a polynomial g € F[z],
Z(9)[F] :== {x € F : g(x) = 0} is the set of roots of g from the algebraic closure of F.

We denote a graph G = (V(G), E(G)) = (V, E) where V(G) is the set of vertices and E(G) is the
set of edges and for a subset of the vertices W C V(G), Ng(W) C V(G) denotes the set of neighbours
of elements in W. If GG is a bipartite graph, the vertices of G can be divided into two disjoint sets A
and B, denoted V(G) = (A, B), and we denote edges of G by (a,b) where a € A and b € B.

1.2 Vandermonde’s Matrix

Vandermonde’s identity, a formula for the determinant of the Vandermonde matrix, crops up as a useful
tool in a number of different areas of Combinatorics. As covered in Section 9.2 of [TV06], the determinant

of the Vandermonde matrix is used in proofs of Dyson’s conjecture and Snevily’s Conjecture.

Definition 1.1 (Vandermonde matrix). For eachn € N, let V,, € My, (F[z1, ..., x,)) be the Vandermonde

matriz, with elements (V,,);; = a:g_l for alli,j € [n].
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Lemma 1.2 (Vandermonde’s identity). If V,, € M, (F[x1,...,z,]) is the Vandermonde matriz, then

det V,,(x) = H (xj —x4)

1.3 Combinatorial Nullstellensatz

The following is an incredibly useful result, commonly known as the Combinatorial Nullstellensatz,

given as Theorem 1.1 in [Alo99].

Theorem 1.3. Given an arbitrary field F, let f € Flxy,...,x,]. Let S, ..., Sy, be non-empty subsets of F
and, for i € [n], define gi(z;) = [, (vi — a) € Flay]. If f(s) =0 for all s € S1 x ... x Sy, then there
exist polynomials hy, ha, ..., hy, € Flz1, ..., 2], where, for all i € [n], deg(h;) < deg(f ) — |Si| such that
f="2iem) higi-

Later on we will need the following almost identical result to Theorem 1.3, which follows easily as a

Corollary from it.

Corollary 1.4. Given an arbitrary field F, let f € Flxy,...,x,]. Let Si, ..., Sn be non-empty subsets of
F and, fori € [n], define gi(w;) = [],ecq, (xi —a) € Fla;]. Then, f(s) =0 for all s € Sy x ... x Sy, if
and only if f € (gi(z;) : i € [n]).

2 When can a matrix be unlocked...

Our original motivation is to look at the matrices given by rotating the rows of a given starting matrix
and decide whether any of them are invertible. Since rotating the rows of a matrix is a group action on

the matrix, it makes sense to generalise this immediately.

Definition 2.1. Let the symmetric group S,2 act on the n? elements of a matric M € M,(F) by
permutation. Then, M is unlocked by a set S C S,2 if we can apply a sequence of group elements from
S to M after which M is invertible ie. M is unlocked by S if 3o € (S) C S,2 such that det(o(M)) # 0.

2.1 ...by rotations of its rows?

We can now restrict ourselves to cyclically permuting (or rotating) the rows of a matrix M € M, (IF).

Notation 2.2. For a € Zy, let M[a] be the matriz defined by (M[a])ij == M@ modn) (j+as modn) i€
the matriz where we rotate the ith row to the left by «; positions. Letting e; denote the standard
ith basis vector, if we let r;(M) = M]le;] then r; € S,2 and for R == {r; : i € [n]} C S,2, then
(R)y =A{[li-yr" -« €Zy} C S,z since all r; commute.

In the language of Definition 2.1, we say M is unlocked by R or just M can be unlocked by rotations
of its rows if and only if do € (R> such that det(c(M)) # 0. This is equivalent to the existence of

a € Z such that det(M

—4
Example 2.3. The matrizm = ( -9 | € M3(Q) can be unlocked by row rotations as even though
3 -1 —4 2 =7 5
det(m) =0, r3(m) =m7les] = | 1 5 —9| has determinant —27. vy = | -3 -8 11 | € M3(Q),
-6 5 2 2 0 -2



however, can not be unlocked by row rotations ie. det(o(y)) =0 for all o € (R). This is simply due to
the fact that the digits in each row of v add up to 0. An easy way to see that this is the case is that
(1,1,1) is an eigenvector of o(vy) with eigenvalue O for all o € (R). Since the determinant of a matriz is
equal to the product of its eigenvalues then det(o(7y)) =0 for all o € (R). But, as we will see, the rows
of a matriz all adding up to 0 is not a necessary condition for a matriz not to be able to be unlocked by

row rotations.

Definition 2.4. [BKS14] Given a matric M € M, (F), fori € [n], define g; € Flx;] by

n

gi(z;) = Z Mijxg_l.

Jj=1

Letting V;, be the n x n Vandermonde matriz as in Definition 1.1, define fas € Flxq, ..., z,] as

fu(x) = (det V;,) H 9k (k) IT @ == ]] gr(n)
k=1

1<i<j<n

While the definition of our key polynomial fj; may look fairly arbitrary, its key features are that it
contains all the information about our matrix M, both its elements and their positions, and also that it
vanishes on any input = = (1, ..., z,) where x; = z; for some i # j.

We now prove a technical lemma.

Lemma 2.5. For permutations 0,5 € Sy, if o(i) + (i) = k (modn) for all i € [n], then sgn(o) =
(=)D ().

Proof. For permutations 7, € Sy, we can restate the condition that 7(i) + 8(¢) = 0 (modn) for all

i € [n] in terms of permutations by adding in transpositions as such

n—1 n—1 Ln 2 |
T:(17n—1)<27n_2)"'(L?J7n_L 2 J)B: ]7” ]
We need | "5~ n-1] transpositions since for n odd, every element except n gets swapped ie = L”T_IJ
swaps whereas for n even, every element except n and 5 gets swapped ie. "; = LTIJ swaps.

Finally, setting o = (1, ...,n)*7 implies (i) = 7(4) + k (modn) so o(i) + B(i) = k (modn) for all
€ [n]. Thus,

L5 125
sgn(o) =sgn | (L,...n)* [] G,n—45)8] =sen(1,....n)" J] senlsn - j)sen(B)

j=1 j=1

since sgn((1,...,n)) = (—=1)"1. O

The following Lemma is part of Theorem 2 from [BKS14|, however, the factor of (—I)LnT_1J is missed

in the original paper which we amend here.

Lemma 2.6. [BKS1/}] Given a matric M € M,(F), then

fuz) = (-7 JZdet mod(zj —1:1i € [n])

aEZn



Proof. Working modulo the ideal (z} — 1 : i € [n]), we notice that

n n n n—o
x_aHgi(xi) = H gz xz HZMZJ'%J ta H Z z]—&-cxl z !
=1 =1 =1 j=1 i=1j=1—-qy
n n—aq; n o n
= H Z (Mla])i j (modn)® = HZ(M[ )ijrl Z Hﬂﬂﬁl 1)ig;
i=1j=1—q; i=1j=1 BeZR i=1

and using the Leibniz determinant formula

n

(det V) (z) = Z sgn(o H ko(k) = Z sgn(o ka (k)—1

0ESRH k=1 oc€ESh
SO

x *fu(x)

(3 s [T ) ( S LT oo )

0ESH BeZ i=1
By comparing coefficients, we can see it is enough to show that, for any a € Z, the constant term of
2= fpr(x) modulo the ideal (7 —1 : i € [n]) is equivalent to (—1)L"2" g det(M]a]). Looking at Equation
1, the constant term of =% fys(x) is given by the sum of sgn(o) [[I;(M[c]);p, for o € Sy, 8 € Z]:
where o(k) — 1 = —f; — 1 (mod n), equivalently o(k) = —pk (modn) for all k € [n]. The only 8 € Z}
that fulfil this are permutations of S,, since Sy = —o(k) (modn) are distinct for all k£ € [n] since o € S,.
Using Lemma 2.5 with k£ = 0, the constant term of z=% fy;(z) is thus

Z sgn(o H Dig, = Z sgn(o H ZB(

oc€eSh =1 o,B8ESh i=1
BEZy o(i)+B(i)=0
o(k)=—Px

= (TN sen(s) [ = (—1)l"z") det(M]a]).

BES, i=1
O

Corollary 2.7. Given a matric M € M, (F), then M is not unlocked by row rotations if and only if
ful(e) € @p =110 € [nl).

Remark 2.8. Given a matrix M which can be unlocked by row rotations, Theorem 2.6 actually implies
that calculating the polynomial expansion of fy(x) mod(z] — 1 :i € [n]) automatically tells us which

group elements in (R) C S,2 it is possible to unlock the matriz for. Simply find those o € Z]' with

non-zero coefficients in fyr(x) mod(zl —1:4 € [n]) and then [, r{" unlocks the matriz.

We now have to consider two cases which depend on whether the character of our field F divides
the size of our matrix n. These cases must be considered separately due to the differing number of nth
roots of unity in I in each case.

Case 1: We now study matrices M € M, (FF) where char(FF)|n.

When char(F)|n, we have p,, = {1} as (z — 1)" = > (7)(=1)'a""" = 2™ — 1 since n|(}}) for
1 <i <mn—1 and char(F)|n. Following Bruen in [Bru92|, we define the multiplicity of an element in a

polynomial over any field.

Definition 2.9. For non-zero polynomial g € Flx1, ..., x|, then g(x) has multiplicity t at a € F™ if

t =min{|a| : @ € Nj,cq #0}  where g(x+a) = Z Cor®
aeNg

For convenience, if g(x) = 0, we say g(x) has multiplicity oo for all a € F™.



With Bruen’s notion of multiplicity for multi-variable polynomials in hand, using Corollary 2.7,

we can now prove an exact condition on when a matrix is unlocked by row rotations in the case that
char(FF)|n.

Theorem 2.10. Let M € M, (F) be a matriz where char(F)|n with corresponding polynomials g;(x;)
fori € [n]. Define the sequence (n;)ic[n), where gi(w;) has multiplicity n; at 1. Then, M is unlocked by

row rotations if and only if there is a permutation o € Sy, such that n; < o(i) for all i € [n].

Proof. We start by proving Vo € Sy, 3i € [n] such that n; > o(i) & fu(x+1,) € (2 : i € [n]) where
1, :==(1,...,1). For the = direction, using the properties of the determinant of the Vandermonde matrix

V,, from Lemma 1.2, we have

det Vi) +1,) = [ (@+l-azi-1)= [[ (z;— )= (detVp)()

1<i<j<n 1<i<j<n

Also, from the definition of the n; as multiplicities of the g;, we have g;(x; + 1) = h;(z;)z}" for some
h; € F[x;] where the h; have a non-zero constant term. Thus, using the Leibniz determinant formula,
we have

n n

fur(@+1,) = (det Vo) (z + 1) [ [ gi(i + 1) = (det Vo) () [ ] b (i)}
i=1 i=1

= (Z sgn(T) Harz(i)1> hi(z;)z) = Z sgn(T) Hm?ifHT(i)hi(xi)
1

TESK =1 i= TESK =1

— (_1)n—1+L"7_1J H hz(xz) (Z Sgn(a) sznerU(Z))
i=1 0ESn i=1
where o € S, is defined by (i) = (n + 1) — 7(¢) for all ¢ € [n] and where we use Lemma 2.5 with
k =1 for the (—1)”_1+L%J. It is now clear that if Vo € S, 3i € [n] such that n; > o(i) then
fu(z+1,) € (xf i € [n]).

To prove the < direction, we define a process. For some @) C S,,, define

n

fOz) = ()" [T hatw) | Y sen(o) [0
=1

O'ESn\Q =1

and assume f(@(z) € (2P : i € [n]). Now let d = min{} ;e n +n; —o(i) : 0 € Sp\Q} and
Q' ={0 € 8\Q: 3 ;jyyn +ni —o(i) = d}. Then since the h; all have a non-zero constant term, the

sum of monomials of f(9)(x) with degree d is given by a multiple of ZaeQ’ sgn(o) [T, xlm_m_g(i). Since
Q' is non-empty this sum is non-zero and thus f(@)(z) € (z7 : i € [n]) implies Vo € Q', 3i € [n] such
that n; > o(i). In addition, f(@ (z) € (x? :i € [n]) = @) (z) € (27 : i € [n]) where |QUQ'| > |Q|
and thus we can set Q = Q U Q' and repeat the process.

We kick off the first iteration of this process by setting @ = (). Then since the size of @Q strictly
increases with each iteration, Sy, is finite and fas(z + 1,) = f@(2) € (27 : i € [n]), we prove Vo € S,
Ji € [n] such that n; > o(7).

Forming a chain of equalities, Vo € S,,, 3i € [n] such that n; > o(i) & fu(x +1,) € (x 1 i € [n])
& fu(z) € (s —1)" i€ n]) = (2] —1:4 € [n]) & M is not unlocked by row rotations by Corollary

2.7. O



-1 1 0
Example 2.11. | -1 0 1| € M3(F3) can not be unlocked by row rotations, since each row adds
0 -1 1
up to 0 and thus any polynomial with coefficients given by elements in a row will have 1 as a root so
n; > 1 for alli € [n]. Then, for any o € Sy, taking o(i) =1 then n; £ o(i) =1 so by Theorem 2.10,
the matriz can not be unlocked. Thus, it is easy to see that, in general, the rows adding up to 0 is a

sufficient condition for a matrix to not be unlocked by row rotations. Howewver, it is not a necessary
1 2 0 -1 0

1 -1 2 0 -2

condition. Take |2 1 -1 -2 =2 | € M5(F5), which cannot be unlocked by row rotations since
2 -1 0 1 =2
1 0 -1 -2 2

the multiplicities at 1 are (0,3,0,3,3) but rows 1 and 3 don’t add up to 0.

Case 2: We now study matrices M € M, (F) where char(F) { n.
Lemma 2.12. Forn € N, let F be a field where char(F) tn. Then, t" —1 =], (t—7).

Proof. Consider the roots of 2™ — 1 in F. Seeking a contradiction, assume |u,| < n. Then Ja € py,
such that 2" — 1 = (z — a)?g(z). Taking the formal derivative on both sides, D((z — )?g(z)) =
(x — @)?D(g(z)) + 2(x — a)g(x) = D(a" — 1) = nz"! = and plugging in o, we get 0 = na”~! =2 #£0

which is a contradiction. O

Lemma 2.13. Forn € N, letF be a field where char(F) { n. Then, given f € Flay,...,x,], f € (a]' —1:
i € [n]) if and only if u* C Z(f)[F] ie. f(x) =0 for all z € p?.

Proof. This follows by Corollary 1.4 using g;(z;) =z}’ — 1 which factorises as g;(z;) = [[,¢,,, (zi — w)
by Lemma 2.12. O

Definition 2.14. Given a matric M € M,(F), where char(F) t n, with corresponding polynomials g;(z;),
define the bipartite graph Gy with vertices V(Gar) = ([n], un) and edges given by (i,w?) € E(Gyr) if
and only if w’ ¢ Z(g;)[F] for all i,j € [n], where w is a generator of ju,.

The following lemma is a generalisation of part of Theorem 2 from [BKS14| to any matrix over any
field where char(F) t n.

Lemma 2.15. Given a matrix M € M, (F) with corresponding polynomial far(x) and graph Gy, there
exists a perfect matching on Gy if and only if ™ € Z(fa)[F] de. far(x) # 0 for some x € .

Proof. Let w be a generator of u,. For the = direction, let the perfect matching be given by
(i,w’®) € E(Gyy) for some o € S,,. Then by the definition of Gy, Definition 2.14, w® & Z(g;)[F]
for all i € [n]. Thus since ¢ is a permutation and using Lemma 1.2, then det V;,(w”®, ..., w(™) #£ 0,
thus far(w’®,...,w?™) £ 0. For the < direction, assume fy(z) # 0 for some z € u?, then since
(det V;,)(z) # 0, again using Lemma 1.2, then z = (w”M, ..., w?™) for some o € S, a permutation.
Thus, for all i € [n], W@ ¢ Z(:)[F] & (i,w’®) € E(Gyr) and since o is a permutation, this is a
perfect matching on Gjy. O

The equivalent of Theorem 2.10 for the case char(F) { n now falls out.

Theorem 2.16. Given a matriz M € M, (F) where char(F) { n with corresponding graph Gy, then M

s unlocked by row rotations < there exists a perfect matching on Gy.



Proof. By Corollary 2.7, Lemma 2.13 and Lemma 2.15, M is unlocked by row rotations < fi; &

(@' —=1:i€[n]) & u € Z(fu)[F] < there exists a perfect matching on G . O
2 -7 5

Example 2.17. We can now see another reason why the matriz vy = | -3 —8 11 | € M3(R) from
2 0 -2

Example 2.3, or indeed any matriz where the rows add up to 0 can not be unlocked by row rotations. We
can construct a polynomial with coefficients given by a row of the matrix; if the coefficients add up to
0, then the polynomial has a root at 1. If this is the case for every row, then when we construct our
bipartite graph Gy, (i,1) & E(G) for any i € [n]. Thus, by the pigeonhole principle, it is impossible for
Gar to have a perfect matching, otherwise there would have to be an edge connected to 1 € piy,.
0o 1 0 1
For a more complicated example, let F = F3, and take pu = _1 _11 _01 _1 € My(F3). You
1 -1 1 -1
would have to calculate at most 4! = 24 determinants to find out if u can be unlocked by rotations,
however, luckily for us we have some theorems we can use.

Instead of taking the full closure of F3, it is enough to let 6 +1 =0 and work in Fo = F3[0] since

Fg contains Qy as By = Zg. Then notice that polynomials g1(r1) = 23 + 21, go(22) = —25 — 23 — 29 — 1
and g4(z4) = —x3 + 23 — 24 + 1 all have § and —0 as roots. Thus G, as depicted in Figure 1, does not

have a perfect matching since only 3 is connected to 0 and —0 and thus by Theorem 2.16, u can not be

SNOQOPS

)
. G‘\ 6\9’ 0

Figure 1: The bipartite graph G, corresponding to matrix p from Example 2.17.

unlocked by row rotations.

Remark 2.18. [t seems that whether char(F) divides n or not gives rather different conditions on
when the matriz can be unlocked by row rotations. However, these two cases are not so dissimilar
if we reformulate the case char(F)|n. The constraint given in Theorem 2.10 was that M € M,(F)
was unlocked by row rotations if and only if there was a permutation o € S, such that n; < o(i) for
i € [n] where (n;)icn was given by gi(x;) having multiplicity n; at 1. Similarly to Definition 2.14,
where we defined Gy, we can define a graph Hyp with vertices given by V(Hyr) = ([n], [n]) and edges
(i,7) € E(Hyy) if and only if ny < j for alli,j € [n]. Clearly 3o € S,, such that n; < o(i) for all i € [n]
& (i,0(1)) € E(Hm) < Hy has a perfect matching since o is a permutation. In some sense, we see
that Theorem 2.10 (the char(F)|n case) is not as strong a statement as Theorem 2.16 (the char(F) { n
case), since we can construct matrices M such that Gy is any bipartite graph whereas this is not true
for Hyy, since for any edge (i,7) € E(Hp), we automatically have (i,5") € E(Hpy) for all j' > j. This
will result in a more difficult proof of the more general versions of Theorem 2.10 and Theorem 2.16,

where we want to prove the forms of matrices which are unlocked by the set of all permutations.



2.2 ...by all permutations?

We now have an exact condition on when a matrix is unlocked by row rotations. But what happens if
we allow ourselves to rotate both the rows and columns as we please in any order? What if we allow
any permutation of the elements of the matrix? It turns out that the latter question will help us answer
the former, so we tackle that first.

We will first give an exact condition on when a matrix is unlocked by all permutations for the easier

char(FF)|n case, as a warm-up for the trickier char(F) { n case.

Theorem 2.19. For n > 2, given n? elements in a field F with char(F)|n, where there are at most
n? —n + 1 of the same element or at most n?> —n zeroes, we can always construct an invertible n x n

matriz out of those elements.

Before we prove Theorem 2.19, we must first prove some technical lemmas.

Lemma 2.20. For n > 1, given a polynomial p € F[t] with degree at most n — 1, Z(p)[F] N pn, is

invariant under cyclic permutations (rotations) of the coefficients of p(t).

Proof. The statement of this Lemma is equivalent to w € Z(p(t))[F] & w € Z(t*p(t) mod (t"* — 1))[F] for
all k € [n], w € py,. Writing, t¥p(t) mod (t" — 1)as t*p(t) + (t" — 1)q(t) for some ¢ € F[t], and evaluating

at w, we get wFp(w) + (W — 1)g(w) = wPp(w) and the result follows since w* # 0,V k € [n)]. O
Lemma 2.21. For n > 2, given a polynomial p € Ft], let p(t) = ?:_Ol a;t'. For some by € F where

by # ao, let p(t) = Z?;ll a;t' +bo. Then p(t) and p(t) share no roots in F ie. Z(p)[F] N Z(p)[F] = 0.

Proof. We have p(t) — p(t) = ap — bo # 0, thus p(¢) and p(t) share no common values, in particular

share no roots. O

Corollary 2.22. Given a matriz M with corresponding sequence of multiplicities (n;)}_,, if fori,j € [n],
0 < nj,n; <n—1, after swapping distinct elements of M, one from row i and one from row j, the new

matriz will have multiplicities n; = n; = 0.

Proof. Let «a;,a; be the elements to be swapped in rows ¢,j respectively. Since n;,n; > 0, then
1 € Z(g:)[F], Z(g;)[F]. We start by rotating rows , j, thus cyclically permuting the coefficients of g;, g;
until a;, o are the constant coefficients in g;, g; respectively ie. oy, o are in the first column of M. By
Lemma, 2.20, 1 is still a root of g; and g;. Using Lemma 2.21 on both polynomials g;, g; separately, when

we swap o, o, 1 € Z(g;)[F], Z(g;)[F]. Finally, we can rotate rows 4, j until ; is in the old position of

a; and «; is in the old position of a; and, using 2.20, even after these rotations, 1 ¢ Z(g;)[F], Z(g;)[F].

The new matrix is just M with «; and a; swapped but since 1 ¢ Z(g;)[F], Z(g;)[F] in the new matrix,

ni:njzo. O

We will now prove Theorem 2.19. We start by arranging the n? elements in a matrix M (we can’t
guarantee M is invertible). We then swap a series of elements between rows until we can guarantee
that the matrix is able to be unlocked by row rotations using our exact statement on when a matrix
can be unlocked, Theorem 2.10. Finally, we can perform the relevant row rotations, leaving us with an
invertible matrix made from the n? elements. Even though we are performing changes to the matrix M

we will not keep track of these and will continually denote our matrix M.

Proof of Theorem 2.19. Since we have at most n> — n + 1 of the same element, we can always arrange

the n? elements in a matrix M such that at most 1 row contains n copies of the same element and no



row contains all zeroes. The condition that at most 1 row contains n copies of the same non-zero element

implies that there is at most @ € [n] such that n; = n— 1. This is because the polynomial with all entries

n__ —1)" _
$w—11 = (xx—l) = (l’— 1)n 1'

The condition that no row contains all zeroes implies that every n; is finite and since deg(g;(z;)) <n—1,
n; <n—1for all i € [n].

the same and non-zero is equal to a multiple of 2" '+ 2" 2+ ... +2+1 =

We will now swap distinct elements from distinct rows, until all but one n; = 0 for i € [n]. Given
two rows ¢, j € [n] with multiplicities 0 < n;,n; <n — 1, we can always find two distinct elements, one
from each row, since at most one row contains n copies of the same element. By Corollary 2.22, after
swapping these elements, n; = n; = 0. It is important to note that, in doing this, we never create a row
which contains n copies of the same element and thus we can always guarantee that at most one row of
the matrix M has n copies of the same element.

We repeat this process until there is at most one row i € [n] with n; # 0. It is clear no elements
have been swapped in row ¢ since otherwise n; = 0. However, since n; < n — 1 to start off with, we can
choose any o € S,, with (i) = n and since all other n; = 0, n; < o(j) for all j € [n]. Thus, by Theorem
2.10, M is unlocked by row rotations. Thus, by applying the necessary swaps and row rotations to our

starting matrix we constructed an invertible matrix out of our original n? elements. O

Unfortunately, due to the more complex condition involving perfect matchings on bipartite graphs
for the case when char(F) t n, we will not be able to prove the same statement as in Theorem 2.19
straight away. Instead, we must state Hall’s marriage, an exact condition on when bipartite graphs have

perfect matchings, and introduce the key concepts of clusters, minimal clusters and cluster density.

Hall’s Marriage Theorem

First proved by Hall in [Hal86|, Hall’s marriage theorem gives an exact condition on when a bipartite
graph has a perfect matching. According to [Hir07|, it supposedly got its name from one of the many
ways the theorem can be posed: suppose we have a group of boys and girls, where we need to find
all the boys a partner from the group of girls. We can start by asking the girls to write a list of the
boys they find acceptable and we assume the boys will not turn down a date with a girl. Given this

information, can we match the boys and girls up in happy couples?

Definition 2.23. We recall that a perfect matching on a graph G is a subset of the edge set S C E(G)
such that every vertex in V(QG) is contained in some edge in S. Now let G be a bipartite graph with
vertices V(G) = (A, B). Then, we define an A—perfect matching on G to be a subset of the edge set
S C E(G), such that every vertex of A is contained in some edge in S.

Remark 2.24. For a bipartite graph G with vertices V(G) = (A, B), if |A| = |B|, G has an A—perfect
matching < G has a B—perfect matching < G has a perfect matching.

We now state but do not prove Hall’s Theorem. A good proof is found in [DeV| using the theory of
M-alternating and M-augmenting paths.

Theorem 2.25 (Hall’'s marriage theorem). Given a bipartite graph G with vertices V(G) = (A, B),
there exists an A—perfect matching on G < |W| < |Ng(W)| for all W C A.

We now introduce some notions that tie in closely with Hall’s Marriage Theorem and perfect

matchings, the first being the deficiency of a bipartite graph, originally defined by Ore in [Ore55].



Definition 2.26. Given a bipartite graph G with vertices V(G) = (A, B), the deficiency of a set
U CV(G), is defined to be defq(U) = |U| — |Ng(U)|. Furthermore, the deficiency of G with respect to
A is defined to be def(G; A) := maxyca defe(U). Note that defi(0) = 0 so we have that def(G; A) > 0.
Finally, if |A| = |B|, the deficiency of G is defined to be def(G) = def(G; A) = def(G; B).

Lemma 2.27. For a bipartite graph G where |A| = |B|, then def(G; A) = def(G; B).
Proof. For a set U C A, by Definition 2.26, we have

defc(U) = |U| — [Ng(U)| = |A| = |A\U| — | B| + |[B\Ng(U))|
< —|Na(B\Ng(U))| + |B\Ng(U)| = defg(B\Na(U)).

Thus def(G; A) < def(G; B), so by symmetry of swapping A and B, def(G; A) = def(G; B). O
We now define the original notions of clusters, minimal clusters and cluster density.

Definition 2.28. Let G be a bipartite graph with vertices V(G) = (A, B). We define a cluster
in G to be a set W C A where defg(W) > 0 ie. |[W| > |Ng(W)|. Furthermore we say that a

cluster W C A is minimal if there does not exist a set U C W C A which is again a cluster. Let
clust(G; A) = {W C A : defg(W) > 0} ie. the set of clusters in G and define the cluster density to be

Cd(G; A) = ZWGClust(G;A) defG(W)

Remark 2.29. [t is easy to see, using Hall’s Marriage Theorem, Theorem 2.25, and Definition 2.26

and Definition 2.28, for a bipartite graph G with vertices V(G) = (A, B), the following are equivalent:
e GG has an A—perfect matching,

|W| < |Ng(W)| for all W C A,

defg(W) <0 for all W C A,

o def(G; A) =0,

e cd(G;A) =0.

We can finally return to our study of matrices and state the equivalent of Theorem 2.19 but now for
the case char(F) t n, which has a similar but substantially harder proof. We will then be able combine

it with Theorem 2.19 to give an exact statement on when all matrices are unlocked by all permutations.

Theorem 2.30. For n > 3, given n? elements in a field F with char(F) { n, where there are at most
n? —n + 1 of the same element or at most n? —n zeroes, we can always construct an invertible n x n

matriz out of those elements.

Before we prove Theorem 2.30, we will need some technical lemmas. These aim to show that, by
swapping elements of a matrix M, we can strictly reduce the cluster density of the corresponding
bipartite graph Gj; and, in some sense, remove clusters until we are guaranteed to be left with a

bipartite graph which has a perfect matching, meaning M can be unlocked by row rotations.

Definition 2.31. Let G be a bipartite graph with vertices V(G) = (A, B). We will now define a set of
graphs, depending on some point p € A and denoted T),(G) which we refer to as transformed graphs. A
graph G’ € T,(G) if:

e V(G') = (A, B) ie. G’ has the same vertices as G,

e (p,b) ¢ G = (p,b) € G for allb € B,

e (¢,b) € G & (q,b) € G’ for all g € A\{p}.
For a set of bipartite graphs S, let T,(S) = UgesT,(G).
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Lemma 2.32. Let G be a bipartite graph with vertices V(G) = (A, B) where |A| = |B|. Let W be a
minimal cluster in G, then for any p € W, for all G' € T,(G), cd(G'; A) < cd(G; A).

Proof. Let p € W and G’ € Tp(G). Then we aim to show that any set W’ C A where p € W' is not a
cluster in G'.
e Letting Q@ = (W NW')\{p}, then @ is not a cluster in G since otherwise W would not be minimal
as Q@ C W. Thus |[Ng(Q)| > |Q].
e We now claim Ng(Q)U (pn\Ng(W)) C Ng/(W'). Since (¢,b) € G < (q,b) € G’ for all ¢ € A\{p}
andp ¢ Q, then Ng(Q) = Ng/(Q) C Ngr(W') as Q@ € W'. Furthermore, since (p,b) ¢ G = (p,b) €
G’ for all b € B and p € W, W', we also have that u,, = Ne({p}) UNgc ({p}) € Ne(W)UNg (W),
and thus (un\Ng(W)) C Ng/(W') showing Ng(Q) U (pun\Ng(W)) C Ng/(W'). Finally, Ng(Q) N
(1 \Na(W)) € Na(W) N (un\Na(W)) = 0 and thus [Ne:(W')| = [N (Q)| + | \Na(W)].
e Since W is a cluster, we know |W| > |Ng(W)|, so as W C [n] and Ng(W) C py, |pn\Ng(W)| =
0~ [NG(W)| > n— W] = [ \W] > [WAW]. Thus |\ Na(W)] > [WAW| + 1.
Since [Ne(W)] > [Na(@)] + [an\Na(W)] > Q| + [WAW| + 1 = [W 0 W[ — 1+ [WAW| + 1 =
(WAW| 4+ |W' N W| = |W'| then W' is not a cluster. Finally, let U € clust(G’; A). By the above,
p &€ U, so since (¢,b) € G < (¢,b) € G’ for all ¢ € A\{p} then defe(U) = |U| — |Ne:(U)| =
\U| — |[Ng(U)| = defg(U). Also, since p € W, W & clust(G'; A) but W € clust(G; A) and thus
cd(G"; A) = Y peaust(ara) el (U) < Xpeausi(aa) defa(U) = cd(G'; A). O

Remark 2.33. [t is interesting to note that Lemma 2.32 would not necessarily hold if we just required

the point p to be in a cluster and not a minimal cluster.

We now need to build up some results about how swapping elements in our matrix M affects the
corresponding bipartite graph Gy

n—1

Lemma 2.34. Forn > 2, given a polynomial p € F[t], let p(t) = Y1y a;t'. Consider the polynomial
where we swap the first two entries ie. p(t) = S0 a;it’ + aot + ay. Then, if ag # a1, p(t) and p(t)
share no roots except for t = 1 ie. Z(p)[F) N Z(p)[F] € {0, {1}}.

Proof. The result follows by considering p(t) — p(t) = (a1 — ag)(t — 1) and using ag # a1. Thus, p(t)

and p(t) share no common values, in particular no common roots, unless ¢ = 1. O

Lemma 2.35. Given a matriz M and bipartite graph Gy, if M' is the matriz where we replace any

element in row i € [n| with a different element, then Gyp € T;(Gar).

Proof. Let M have corresponding polynomials g;(x;) = Zie[n] M; ]a:f “forallie [n] and let « be
the element we want to replace which is in position (i, 7). Let M = rg _1(M ) ie. the matrix where
we can rotate the elements in the ith row so that a is now in position (i,1) and thus acts as the
constant of g;(x;). By Lemma 2.20, this does not change Z(g;)[F] N i, thus G, = Ga. Now, let M
be the matrix where we replace a with o/. By Lemma 2.21, if g;(2;) = > ;¢ Mijxg, since o # o/
then Z(g;)[F] N Z(g;)[F] N pn = 0, thus in G3; the vertex i € [n] is connected to all the vertices in
n, that it wasn’t connected to in Gy and all other vertices in [n] and their edges are identical, thus
Gyr € Ti(G). Finally, let M’ be the matrix where we undo the rotation we did at the beginning so
M’ is simply M with one element in row ¢ changed. By Lemma 2.20 again, G3; = G which implies

Gy ETz(GM) O

Notation 2.36. For a graph G, for S C V(G), the induced subgraph G[S|] is the graph whose vertex
set is S and whose edge set are those edges in G where both endpoints are in S ie. V(G[S]) = S and
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(1,7) € E(G[S]) & (i,)) € E(G) and i,j € S. Furthermore, if G is bipartite with vertices V(G) = (A, B),
then for Sy C A and Sp C B, the induced subgraph is denoted G[(Sa, SB)].

Corollary 2.37. For A C [n], if M is the matriz where we swap two different adjacent elements in
row i of M, then Gy [(A, un\{1})] € Ti(Guml(A, pn\{1})]).

Proof. By Lemma 2.20, we can move the two adjacent elements to be the first two row entries so that
they are the constant and linear term in g;(x;), leaving G s unchanged. By Lemma 2.34, when we swap
them, all the previous roots of g;(x;) are no longer roots except for x; = 1. Thus, the corresponding
graph of the new matrix lies in T;(Gar[(A4, prn\{1})]). Finally, we use Lemma 2.20 to move the elements
back to their starting positions implying G ;7[(A, un\{1})] € T3;(Gar[(A, pn\{1})])- O

We are now in a position to prove Theorem 2.30, which will follow the same process we used for the
char(F)|n, Theorem 2.19. We arrange our n? elements in a matrix M and perform a series of swaps
of elements, thus reducing the cluster density of the corresponding bipartite graph G, until we can
guarantee the matrix can be unlocked by row rotation using our exact condition on when matrices
can be unlocked, Theorem 2.16. Applying the relevant row rotations, the matrix made out of the n?

elements is now invertible.

Proof of Theorem 2.30. To start, since we have at most n?> — n + 1 of the same element, we can always
arrange the n? elements in the matrix M such that at most 1 row contains n copies of the same element
and no row contains all zeroes. The condition that at most 1 row contains n copies of the same non-zero
element implies that there is at most 1 vertex in [n] which has only 1 edge and that edge is connected
to 1 € uy. This is because the polynomial with all entries the same and non-zero is equal to a multiple

of 2" 1+ 2" 2+ .+ 2+ 1= 2= and thus has roots j,,\{1}. The condition that no row contains all

zeroes implies that every vertex in [n] has at least 1 edge connected to it, since everything, including
ln, is a root of the zero polynomial.

We need to resolve a few technicalities before we perform the majority of the switches. In particular,
we need 1 € u, to be connected to at least 1 vertex in [n] but still keep the condition that there is
at most 1 vertex in [n] which has only 1 edge and that edge is connected to 1 € p,. If 1 € p, has
no edges, we will swap two elements of M to rectify this. Since at most 1 row contains all the same
elements, we can always find two different elements o and 8 in two different rows ¢ and j respectively
to swap, leaving us with a new matrix M. By Lemma 2.35, since (7,1),(4,1) are not edges of Gy,
then (i,1), (5, 1) are edges in all the graphs in T;(T;(Gas)) and Gy, € T;(T;(Gar)). There is now the
unwanted case that in G, i, j € [n] are both now only connected to 1 € p,. If this happens, we know
that rows ¢ and j of M are both filled with n copies of 8 and « respectively. So swap « and 5 back so
our matrix returns to M and now swap an extra § and a between rows ¢ and j giving us a new matrix
M with Gz € T;(T;(Gar)). This time, however, since n > 3, rows i, j € [n] in M both contain at least
two distinct elements and thus in G5z, 4, j € [n] are connected to 1 € u, as well as another vertex in
tn. We reset our notation so M is the matrix with the necessary switches such that G s has our desired
properties.

Since Gy satisfies these properties, if there is a vertex in [n] which is only connected to 1 € py,
denote it v, otherwise let v be any vertex connected to 1 € p,,. We now define the graph G, =
Gul([n]\{v}, pn\{1})]. The reason we performed all these tedious switches is so we can guarantee that
every vertex in [n]\{v} C V(G’),) has at least one edge, implying none of the rows are made up of only

one distinct element.
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If there is a cluster in G, there is a minimal cluster in G}, from which we pick a vertex i. We
know that none of the rows of M are made up of only one distinct element, including row %, so
by Corollary 2.37, we can swap two distinct adjacent elements, giving us a new matrix M where
G = Gl(n\{v}, 1 \{1})] € Ti(G)y). Also, by Lemma 2.32, ¢d(G'; [n]\{v}) < cd(G); [n]\{v}).
Repeating the above process, resetting our notation back to M every time, we slowly untangle clusters
in the graph G, thus reducing cd(G'; [n]\{v}) until cd(G’; [n]\{v}) = 0 and thus by Remark 2.29,
we have a perfect matching on G’,. At this point, we will see that we now have a perfect matching
on Gy, since (v,1) € E(Gyps). Now, by Theorem 2.16, since char(F) { n, M can be unlocked by row

rotations and after applying these rotations, our n? elements make up an invertible matrix. O

Remark 2.38. It is very easy to apply the proof of the above Theorem, Theorem 2.30, to the n = 2
case since we only use the condition that n > 3 once. If we rewrite the third paragraph of the proof

i the n = 2 case, it is easy to see that the only case we need to reconsider is when we have matrix

M = ( “ —a) for any a € F and thus E(Gy) = {(1,—1),(2,—1)}. In this case, when we swap two

—-a a
- a —a

different elements, we get M = . Now E(G ;) = {(1,1),(2,1)} so G, now has two vertices
a —a

connected to 1 € us and by the proof, we should switch a and —a back. However, when we switch the

other a and —a, we’re back to the matriz M and thus caught in an infinite loop. In fact, it is no wonder

the proof doesn’t work for this matriz, since we can never construct an invertible matriz if we’re given

the elements {a,a, —a, —a}! So, by considering this case separately, we can actually give the following

statement.
Forn € N, given n? elements in a field F, then, unless there are more than n®> —n + 1 of the same

2

element, more than n® — n zeroes or the elements are {a,a,—a,—a} for some a € F, we can always

construct an invertible n X n matriz out of those elements.

Soye ©

G GM

Figure 2: The bipartite graphs G and G ; corresponding to M and M respectively from Remark 2.38.

Corollary 2.39. Forn € N, given n? elements in a field F, we can always construct an invertible n x n
matriz out of those elements if and only if there are at most n> —n + 1 of the same element, at most

n? —n zeroes and the elements are not {a,a, —a,—a} for some a € F.

Proof. Then n = 1 case is trivial. For n > 2, the <= follows from Theorem 2.30, Theorem 2.19 and
Remark 2.38. For the = direction, if there are more than n?> — n + 1 of the same element, by the
pigeonhole principle, there are always going to be two rows filled with only one distinct element no
matter how we rearrange the matrix. Thus, since those two rows are not linearly independent, the

2

determinant of the matrix will always vanish. Similarly, if there are more than n® — n zeroes, again by

the pigeonhole principle, there will be at least one row made up of just zeroes and thus the determinant
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a a a —a a —a
will always be zero. Finally, for a € F, the determinants of < ), ( and < ) are
—a —a —a a a —a

all zero so if the elements are {a, a, —a, —a}, we cannot rearrange the elements such that the matrix is

invertible. O

Remark 2.40. Although we are talking about being able to construct invertible n x n matrices from n?

elements in Theorem 2.19, Theorem 2.30 and Corollary 2.39, this is equivalent to saying matrices made

up of those n? elements can be unlocked by all permutations.

Remark 2.41. Given n? elements in a field F which can be arranged into an invertible n x n matric
as in Corollary 2.39, the proofs of Theorem 2.30 and Theorem 2.19 in fact both give algorithms to find

an invertible n X n matrix constructed from those elements when combined with Remark 2.8.

2.3 ...by rotations of its rows and columns?

We now consider rotations of both rows and columns of our matrix. Letting e; denote the standard
ith basis vector as before, let ¢;(M) == (r;(M7T))T ie. a rotation of the ith column by 1 element. Then
¢i € Sp2 and for C = {¢; : i € [n]} C 5,2, then (R,C) C S,,2 is the set of all row and column rotations.
We say M is unlocked by row and column rotations if 3o € (R, C) such that det(o(M)) # 0.

2 -7 5
Example 2.42. Let’s consider the matriz v = | =3 —8 11 | € M3(C) again. From Example 2.3 we
2 0 =2
know we won’t get a non-zero determinant by rotating the rows, however, by rotating the first column, we
-3 -7 5 -8 1 7
getci(y)=1| 2 —8 11 | which det(ci(y)) = —150. Now considerv= | 6 4 9| € M3(Fi9).
2 0 =2 2 -5 3

It is easy to see that v is not unlocked by just rows or just columns ie. det(o(v)) = 0 for all o € (R)U(C)

since both the rows and columns add up to 0. However, if we rotate the first column down by one we

2 1 7 7T 2 1
have c3(v) = | =8 4 9| and then if we rotate the top row by one we get rici(v) = -8 4 9
6 —5 3 6 —5 3

which has determinant 1 £ 0.

We present a final original theorem, building on our work to which matrices are unlocked by all

permutations.

Theorem 2.43. For n > 3, given a matric M € M, (F), then M is unlocked by row and column

rotations if and only if there are at most n®> —n + 1 of the same element or at most n®> —n zeroes.

As we can see, by comparing with Theorem 2.30, allowing rotations of both row and columns allows
us as much freedom as rearranging the elements in any way we like. To see why, we need to briefly

revisit some group theory of the symmetric groups S,,.

Lemma 2.44. By rotating the rows and columns of a matriz M € M, (F), we can cyclically permute

any n elements of the matriz in any order leaving all other entries unchanged.

Proof. Choose n elements in the matrix that we want to cyclically permute. We now want to manoeuvre
all of these elements into the first row in the specified order just by using rotations of rows and columns.

In the specified order that we want our elements to be cyclically permuted, we move one element at a
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time, making sure not to alter any of the elements already correctly placed in the first row. Say we
have an element currently at (7, j) which we want to move to position (1, k). If i = 1, then rotate the
jth column by one position and let the element be at (i, j) where ¢ # 1. Now rotate the ith row until
the element is in column & and rotate the kth column until the element is in (1, k). In this process, we
do not alter the position of any element already placed correctly in the first row. By repeating this for
all n elements we want to cyclically permute, we have a sequence of rotations which get us from our
starting matrix M to the matrix with the elements we want to cyclically permute in the first row in the
specified order. Now, we rotate the top row to cyclically permute the elements as specified and then
perform the inverse of each rotation in our sequence in reverse order to get back to the starting matrix
M now with those n elements cyclically permuted. Clearly this was done only using rotation of rows

and columns since the inverse of a rotation is again a rotation. O

We will now need a standard result from group theory which we will not prove here, however, a

proof can be found in Cook’s lecture notes, [Cool0].
Lemma 2.45. Forn > 5, the only normal subgroups of S, are {e}, Ay, and Sy,.
We now prove another group theory result utilising Lemma 2.45.

Lemma 2.46. Forn > 3,

‘ A,z ifn is odd,
n-cycles in S,2 generate
Sp2  if n is even.

Proof. Since conjugacy classes in 5,2 are given by elements with the same cycle shape, the set of
n—cycles form a full conjugacy class. Letting the subgroup generated by the n—cycles be denoted N,

then N is normal in S,2. To see this, notice that for all g € 5,2,

g INg=g! {Ha 1a is an n—cycle} g= {H g lag:ais an n—cycle} CN

since the n—cycles form a conjugacy class and thus g~ 'ag is again an n—cycle for any g € S,2.

Now we use Lemma 2.45 and notice that for n odd, an n—cycle is an even permutation ie. has
sgn(o) = 1, and since sgn is multiplicative, N will only contain elements o € S,z with sgn(c) =1 ie.
even permutations. Thus, for n odd, N # S,2 as S,,2 contains odd permutations and N is clearly not
the trivial subgroup then N = A,2. Similarly, for n even, N € A,,» since, for n even, an n—cycle is an
odd permutation thus N = §,2. O

We will now prove Theorem 2.43 by using the fact that the n-cycles generate either A,2 or S,» and
then using Corollary 2.39.

Proof of Theorem 2.43. By Lemma 2.44, if we think of 5,2 acting on each of the elements in M, then
the n—cycles given by rotations of the rows and columns generate all n—cycles in S,,2. Now, combining
this with Lemma 2.46, we have that for n even, we can apply any permutation to the elements of
M just by rotating the rows and columns and for n odd, we can apply any even permutation to the
elements of M just by rotating the rows and columns.

Now, the result follows for n even using Corollary 2.39, and we only have to work slightly harder for
n odd. In this case, if we recall that, in the process of proving both Theorem 2.30 and Theorem 2.19,
we proved that by swapping elements, we could rearrange M into a matrix with non-zero determinant.

If this permutation is even, we are done since this permutation can be realised by rotating rows and
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columns. If this permutation is odd, we choose two rows and swap all pairs of elements in the same
column between the rows. Since n is odd we are adding an odd number of transpositions to the odd
permutation thus leaving us with an even permutation. Swapping two rows of a matrix multiplies the
determinant by —1, thus, it stays non-zero, and since we applied an even permutation to get matrix

into this form, we could also have got to this point by rotating rows and columns. O

Corollary 2.47. For n € N, given a matric M € M,(F), then M is unlocked by row and column
rotations if and only if there are at most n®> —n + 1 of the same element, at most n> —n zeroes and the

elements are not {a,a,—a,—a} for some a € F.

Proof. Again, the n = 1 case is trivial and n > 3 is given by Theorem 2.43. Extending to the case n = 2,
the normal subgroups of Sy are given by {e}, V4, A4, Sy where Vj C Ay so since a 2—cycle is an odd
permutation and using the fact that the rotations of rows and columns generates a normal subgroup,
then any permutation of the elements of a 2 x 2 matrix can be generated by rotations of the rows and

columns. The result now follows using Corollary 2.39. O

3 Further Directions for Research

We conclude this paper by discussing 3 further directions that research could be taken in, along the
same lines as that of this paper.

e We gave exact conditions on when matrices could be unlocked by (R) (row rotations), (R, C)
(row and column rotations) and S,2 (all permutations) where we circumvented the proof for row
and column rotations by proving that (R, C) was equal to either A2 or S,2 depending on the
parity of n and then appropriating our proof for all permutations. An obvious route for further
research would be to give conditions on when matrices can be unlocked by other subsets of S,,2.

We assume that taking subsets such as (R) with nice properties will give nicer results.

e In [BKS14|, for matrices M, constructed directly from bipartite graphs, a formula is given for
the number of row rotations that unlock the matrix, given by supp( fM) where fM is the discrete
Fourier transform of fj;. An investigation into whether a similar formula could be given for any
matrix M would likely be successful. However, trying to find formulae for the number of elements
of other subsets of S,,2 that the matrix is unlocked by seems fruitless based on the slightly arduous

proof of even one of these elements existing.

e The polynomial ideal J(n) defined below is the subject of Kézdy and Snevily’s paper titled
Polynomials that Vanish on Distinct Roots of Unity, [KS04|, where amongst other things, they
give a Grobner basis for the ideal 7 (n) and use Grobner basis methods to give a characterisation
of J(n) based on the Combinatorial Nullstellensatz.

Definition 3.1. Let J(n) be an ideal in Clzy, ..., x|, where g € J(n) < g(x) =0 for all v € !

with distinct components ie. x; # x;j for i # j.

It is easy to see that for g € Clxy,...,x,), let f(z) = g(x)(det V,,)(z), then, g € J(n) &
ut C Z(f) ie. f(x) =0 for all x € u'. Combining the above with Lemma 2.13 we get g € J(n) <
(det V;,)g € (z —1:i € [n]). This is given as a Remark on p.54 of [KS04| and should make the
definition of fas(z) in Definition 2.4 slightly less arbitrary. We now recall the graph polynomial
fa for some graph G.
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Definition 3.2. The graph polynomial fg € Clxy,...,x,] of a graph G = (V,E) where we

enumerate V = {v;}I' | is given by

fa@)= [ (= —a).
(viv'vj)'eE
1<J
Theorem 3.3. [Alo99] Let G = (V, E) be a graph where we enumerate V = {v;}?' ;. Then G is
k-colourable if and only if the graph polynomial fg & (:cf —1:i€[n]).

It is interesting to note that, denoting K, the complete graph on n nodes and V,, the Vandermonde
matrix, det V,,(x) = fk, (z). Thus, for a graph G with vertices [n], we could define the ideal Jz(n)
where g € Jq(n) & fag € (' —1:i € [n]). Then, it is clear that Jk, (n) = J(n). Ja(n) would
then have the property that g € J(n) < g(z) =0 for all € uj. where x; # x; if (4, j) € E(G).
We can take this idea a step further by extending to hypergraphs. A similar result to Theorem
3.3 which can be found in Alon’s paper, [Alo99], gives an exact condition on when an 3-uniform
hypergraph is 2-colourable. This result can easily be generalised to any hypergraph, not just

3-uniform ones.

Theorem 3.4. For k,n € N, let w be a primitive kth root of unity in C and let H = (V, E)
be a hypergraph where we enumerate the vertices V.= {v;}I*;. Now define a polynomial gy €
Clx1, ..., ] where

@) =1 11 ((z) . w)

ecE TEUE vi€e

Then H = (V, E) is k-colourable if and only if gy & (x¥ —1:i € [n]).

For a hypergraph H with vertices [n], we could define ideals Jg(n) where h € J(n) < guh €
(' —1:i€[n]) & h(x) =0 for all z € u! where [{z; : 1 € e}| #1,Ve € E(H).

Grobner bases for these ideals could likely be found by hand and could certainly be computed.
Perhaps even exact conditions on membership of these ideals could be constructed as was done
for J(n) in [KS04]. One application, similar to those of [KS04], that could be established is the
following:

Let G = (V, E) be the bipartite graph where V = ([n], uy), and w is a primitive nth root of unity.
Then define a polynomial g € Clx1, ..., x,]| where H(i’wj)gE(G) (z; — w’). By Lemma 2.15, we have
that G has a perfect matching < g & J(n). Now let H, 3 denote the hypergraph on n nodes where
E(H(n,3)) contains every possible hyperedge of size 3 and no others. Then G contains a matching

where we allow at most two nodes in [n] to connect to the same node in pn, < g & Ju,, 5 (n)-
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